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Abstract
Cubic Hermite–Pad(e approximation to the exponential function with coe2cient polynomials of degree at
most m is considered. Explicit formulas are obtained for the coe2cient polynomials. An exact asymptotic ex-
pression is obtained for the error function and it is also shown that these generalized Pad(e-type approximations
can be used to asymptotically minimize the expressions on the unit disk.
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1. Introduction
We consider approximations of e−x generated by <nding polynomials pm; sm; qm, and rm so that
pm(x)e−3x + sm(x)e−2x + qm(x)e−x + rm(x) = O(x4(m+1)−1);
where pm; sm; qm; rm ∈ m (the vector space of all algebraic polynomials of degree at most m), and
pm has nonzero leading coe2cient. But as is well-known, if we set z = y − a=3, then any cubic
equation z3 + az2 + bz + c = 0 can be transformed into the following form:
y3 +
(
b− a
2
3
)
y +
(
2
27
a3 − 1
3
ab+ c
)
= 0:
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Without loss of generality, in this paper we only consider the approximations of e−x generated by
<nding polynomials pm; qm, and rm so that
Em(x) := pm(x)e−3x + qm(x)e−x + rm(x) = O(x3(m+1)−1): (1.1)
The approximation of e−x is given by
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which is real and closest to 0, where !1 = (−1 +
√
3i)=2; !2 = (−1−
√
3i)=2.
Obviously, m(x) is the natural cubic generalization of the main diagonal Pad(e approximant
−Qm=Pm satisfying
Pm(x)e−2x + Qm(x) = O(x2(m+1)−1): (1.2)
Our primary aim is to derive the exact asymptotic formula for {Em}, the explicit formulae of
{pm}; {qm}; {rm}; {Em} and to treat some minimization problems concerning related approximations
on the unit disk in C.
Hermite considered the expression of the form
tk(x)esk x + tk−1(x)esk−1x + · · ·+ t1(x)es1x =O(xh); (1.3)
where t1; t2; : : : ; tk are polynomials chosen so that h is as large as possible [3]. Clearly, the expression
of type (1.3) includes the Pad(e approximations (1.2), the quadratic Hermite–Pad(e approximations
[1], and the cubic Hermite–Pad(e approximations (1.1) as its special cases. Since we do not treat the
general approximations in (1.3), we are able to provide an exact asymptotic formula of {Em} and
the explicit formulae for {pm}; {qm}; {rm}; {Em} rather than the estimates given in [3].
The general problem of Hermite–Pad(e approximation is the following:
Given functionsf1; f2; : : : ; fn, and integers d0; d1; : : : ; dn, <nd polynomials p0; p1; : : : ; pn (deg(pi)6
di) so that
p0(x) + p1(x)f1(x) + · · ·+ pn(x)fn(x) = O(xh); (1.4)
where h is as large as possible. Particularly, some interesting cases arise where the fi are related,
for example; fi is the ith power (or ith derivative) of a <xed f. The case of i = 1 is Pad(e case.
Exact results concerning best rational approximation to the exponential function, particularly the
Meinardus conjecture, have attracted much attention [2]. Theorem 4 can be viewed as a cubic version
of this conjecture on the disk. A linear version, due to Trefethen appeared in [5]; a quadratic version
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on the disk given by Borwein can be found in [1]. Virtually, no completely worked out examples for
higher-dimensional approximations exist and exp is a natural candidate for such a complete analysis.
This analysis constitutes the thrust of this paper.
2. Explicit formulae
We derive the cubic approximations from the Pad(e approximation as follows.
With the notation of (1.1) observe that
[pm(x)e−3x + qm(x)e−x + rm(x)](m+1) = sm(x)e−3x + tm(x)e−x =O(x2(m+1)−1);
where sm; tm ∈ m. In particular, −tm=sm must be the (m;m) Pad(e approximant to e−2x. This, coupled
with the observation that if
g(x) =
1
m!
∫ x
0
(x − t)mf(t) dt;
then g(m+1)(x)=f(x), leads to the formulae for pm; qm ((2.4) and (2.7)) on which our analysis rests.
We commence the details of formulae for {pm}; {qm}, and {rm}. Let
Pm(x) :=
1
m!
∫ ∞
0
tm(t + 2x)me−t dt =
m∑
k=0
(2m− k)!
(m− k)!k! (2x)
k ; (2.1)
Qm(x) :=− 1m!
∫ ∞
0
tm(t − 2x)me−t dt =−
m∑
k=0
(2m− k)!
(m− k)!k! (−2x)
k
= −Pm(−x): (2.2)
Then −Qm(x)=Pm(x) is the (m;m) Pad(e approximation of e−2x. Also, Pm and Qm satisfy (1.2) (see,
for example, [1]) and
Pm(x)e−2x + Qm(x) = (−1)m+1 (2x)
2m+1
m!
∫ 1
0
(1− u)mume−2ux du: (2.3)
Now let
pm(x) :=
e3x2m+1
m!
∫ ∞
x
(t − x)mPm(t)e−3t dt
=
e3x2m+1
m!
∫ ∞
x
(t − x)me−3t
m∑
k=0
(2m− k)!
(m− k)!k! (2t)
k dt
=
2m+1
m!
∫ ∞
0
ume−3u
m∑
k=0
(2m− k)!
(m− k)!k! (2(u+ x))
k du (u= t − x)
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=
2m+1
m!
m∑
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(2m− k)!
(m− k)!k! 2
k
k∑
j=0
(
k
j
)
xj
∫ ∞
0
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m∑
k=0
k∑
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(2m− k)!2kxj
(m− k)!j!(k − j)!
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k=j
(
2
3
)m+k+1( 2m− k
m
)(
m+ k − j
m
)
(3x)j
j!
: (2.4)
If we set
cj :=
m∑
k=j
(
2
3
)k ( 2m− k
m
)(
m+ k − j
m
)
; (2.5)
then
pm(x) = m!
(
2
3
)m+1 m∑
j=0
cj(3x)j
j!
: (2.6)
Note that pm is a polynomial of degree m with highest coe2cient 22m+1=3m+1. Let
qm(x) :=
ex2m+1
m!
∫ ∞
x
(t − x)mQm(t)e−t dt
= −2m+1m!
m∑
j=0
m∑
k=j
(−2)k
(
2m− k
m
)(
m+ k − j
m
)
xj
j!
: (2.7)
Thus, if we set
dj :=
m∑
k=j
(−2)k
(
2m− k
m
)(
m+ k − j
m
)
; (2.8)
then
qm(x) =−2m+1m!
m∑
j=0
djxj
j!
; (2.9)
where qm is a polynomial of degree m with integer coe2cients.
De<ne rm as follows:
rm(x) :=−2
m+1
m!
∫ ∞
0
(t − x)me−t[Pm(t)e−2t + Qm(t)] dt
= −2
m+1
m!
∫ ∞
0
m∑
j=0
(
m
j
)
tm−j(−x) je−t
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ej := (−1)j
m∑
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2k
[
1
3m+k+1−j
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m
)(
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then
rm(x) =−2m+1m!
m∑
j=0
ejxj
j!
; (2.12)
where rm is a polynomial of degree m.
Finally, let
Em(x) :=
2m+1
m!m!
∫ x
0
(x − t)me−t(2t)2m+1
∫ 1
0
(1− u)mume−2ut du dt (2.13)
=
(2x)3m+2
m!m!
∫ 1
0
∫ 1
0
(1− u)mume−vxe−2uvx(1− v)mv2m+1 du dv(t = vx): (2.14)
Now we may establish the basic theorem.
Theorem 1.
Em(x) := pm(x)e−3x + qm(x)e−x + rm(x) = O(x3(m+1)−1);
where Em; pm; qm, and rm are given by (2.13), (2.6), (2.9), and (2.12), respectively.
Proof. By (2.13) and (2.3)
Em(x) = (−1)m+1 2
m+1
m!
∫ x
0
(x − t)me−t[Pm(t)e−2t + Qm(t)] dt
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=
2m+1
m!
∫ ∞
x
(t − x)mPm(t)e−3t dt + 2
m+1
m!
∫ ∞
x
(t − x)mQm(t)e−t dt
−2
m+1
m!
∫ ∞
0
(t − x)me−t[Pm(t)e−2t + Qm(t)] dt
=pm(x)e−3x + qm(x)e−x + rm(x):
With (2.14), the theorem has been proved.
3. Asymptotics
We now turn to asymptotic estimate for {Em}. As usual, am ∼ bm means am=bm → 1(m → ∞).
Throughout this paper the asymptotics are concerning the variable m.
In order to give the asymptotic, we need the following lemma.
Lemma 1 (Trefethen [5]).∫ 1
0
(1− t)!mt"me−#t dt∼ e−
"#
!+"
∫ 1
0
(1− t)!mt"m dt
=e−"#=(!+")
(!m)!("m)!
((!+ ")m+ 1)!
;
where !¿ 0; "¿ 0 and !m; "m are positive integers.
Now we can give the asymptotic estimates of {Em}.
Theorem 2.
Em(x) ∼ 2
3m+2m!x3m+2e−(4=3)x
(3m+ 2)!
:
The asymptotic is uniformly on the bounded subsets of C.
Proof. From (2.14)
Em(x)∼ 2
3m+2x3m+2
(2m+ 1)!
∫ 1
0
(1− v)mv2m+1e−2vx dv
∼ 2
3m+2m!
(3m+ 2)!
x3m+2e−((4m+2)=(3m+1))x
∼ 2
3m+2m!x3m+2e−(4=3)x
(3m+ 2)!
:
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Both of the <rst two asymptotics follow from the elementary relation of Lemma 1. It is easy to check
directly from (2.13) that Em(x)=[23m+2m!x3m+2e−(4=3)x=(3m + 2)!] is uniformly bounded on compact
subsets of C. The uniformity of the asymptotic now follows from Vitali’s theorem [1].
4. An exact minimization
We want to uniformly minimize over D := {z ∈C : |z|6 1},
wm(z) := sm(z)e−3z + tm(z)e−z + um(z); (4.1)
where sm; tm; um ∈ m and sm has highest coe2cient 22m+1=3m+1.
Firstly, we have
Theorem 3. For |z|= 1,∣∣∣∣Em
(
z +
4
3(3m+ 2)
)∣∣∣∣ ∼ 23m+2m!(3m+ 2)! :
Proof. This follows from Theorem 2 and the observation that[
z +
4
3(3m+ 2)
]3m+2
∼ z3m+2e(4=3z)
and the fact that for |z|= 1; |e(4=3)(1=z−z)|= 1.
Let
p∗m(z) = pm
(
z +
4
3(3m+ 2)
)
;
q∗m(z) = qm
(
z +
4
3(3m+ 2)
)
;
r∗m(z) = rm
(
z +
4
3(3m+ 2)
)
: (4.2)
Let ‖ · ‖D denote the supremum norm on D.
Now we need the following lemma.
Lemma 2 (P(olya and SzegOo [4]). Suppose m1; m2; : : : ; ml are positive integers such that m1 + m2
+ · · ·+ml=n and (1¡(2¡ · · ·¡(l are real numbers. Let f1(z); f2(z); : : : ; fn(z) denote e(1z; ze(1z
; : : : ; zm1−1e(1z; e(2z; ze(2z; : : : ; zm2−1e(2z; : : : ; : : : ; : : : ; : : : ; e(lz; ze(lz; : : : ; zml−1e(lz, respectively. If |c1| +
|c2|+ · · ·+ |cm1 |¿ 0; |cn−ml+1|+ · · ·+ |cn−1|+ |cn|¿ 0, and N denotes the zero number of function
c1f1(z) + c2f2(z) + · · ·+ cnfn(z) in the region P= {z : !6 Im z6 "}. Then
((l − (1)(" − !)
2
− n+ 16N6 ((l − (1)(" − !)
2
+ n− 1:
By this lemma, we can prove the main result of this section.
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Theorem 4. (a) ‖p∗m(z)e−3z + q∗m(z)e−z + r∗m(z)‖D ∼ 23m+2m!=(3m+ 2)!.
(b) Let
w∗m := mins; t;u∈m
‖sm(z)e−3z + tm(z)e−z + um(z)‖D;
where s= (22m+1=3m+1)zm + · · ·.
Then
w∗m ∼
23m+2m!
(3m+ 2)!
:
Proof. Part (a) is just a restatement of Theorem 3. Observe that p∗m has leading coe2cient 22m+1=3m+1.
To prove part (b) we use the fact that a nonzero expression of the form
v1(z)e−3z + v2(z)e−z + v3(z); (4.3)
where v1; v2; v3 are polynomials, the sum of whose degrees is h, can have at most h+2 zeros in D.
This is winding number argument and is proved in Lemma 2 with l=3; !=−1; "=1; (1 =−3; (2 =
−1; (3 = 0 and n= h+ 3. Thus
w∗m¿min|z|=1
|p∗m(z)e−3z + q∗m(z)e−z + r∗m(z)|:
If this were not the case, we could <nd s; t; u∈ m with s having leading coe2cient 22m+1=3m+1 so
that, for |z|= 1
|se−3z + te−z + u|¡ |p∗m(z)e−3z + q∗m(z)e−z + r∗m(z)|:
By Rouch(e’s theorem this would imply that
(s− p∗m)e−3z + (t − q∗m)e−z + (u− r∗m) (4.4)
has at least 3m + 2 zeros in D. However, since s − p∗m has degree at most m − 1, the sum of the
degrees of the coe2cients in (4.4) is at most 3m − 1, and we have contradicted the above result
from Lemma 2.
We note that
‖pme−3z + qme−z + rm‖D ∼ e4=3 2
3m+2m!
(3m+ 2)!
and so, up to a small constant, the cubic Hermite–Pad(e approximant is optimal in the sense of
Theorem 4. The trick of shifting the center of the approximation to make the error curve have
asymptotically constant norm on D is due to Braess [2] who used it to get the right constant in the
Meinardus’ conjecture.
5. Di"erential equations
The coe2cient polynomials are linked by the following third-order di:erential equations.
Theorem 5. (a) 8mpm−1 = p′′′m − 5p′′m + 6p′m.
(b) 8mqm−1 = q′′′m + q′′m − 2q′m.
(c) 8mrm−1 = r′′′m + 4r′′m + 3r′m.
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Proof. We suppress the variable x in the coe2cient polynomials and start with the relation
pme−3x + qme−x + rm =O(x3m+2): (5.1)
Then
(p′m − 3pm)e−3x + (q′m − qm)e−x + r′m =O(x3m+1): (5.2)
Adding triple (5.1) to (5.2) gives
p′me
−3x + (q′m + 2qm)e
−x + r′m + 3rm =O(x
3m+1) (5.3)
and di:erentiating again gives
(p′′m − 3p′m)e−3x + (q′′m + q′m − 2qm)e−x + r′′m + 3r′m =O(x3m): (5.4)
Now adding (5.3) to (5.4) and di:erentiating yields
(p′′′m − 5p′′m + 6p′m)e−3x + (q′′′m + q′′m − 2q′m)e−x + r′′′m + 4r′′m + 3r′m =O(x3m−1): (5.5)
Since the degrees of all coe2cients in (5.5) are (m − 1) or lower, we see that up to a constant
multiple of 8m, (5.5) must equal pm−1e−3x+qm−1e−x+rm−1. (Here we have appealed to uniqueness,
as in the proof of Theorem 1.
6. Numerical examples
The following table gives the values of coe2cient polynomials and the error at x = 1. In this
example,
m pm(1) qm(1)
2 1280/81 −320
4 14477824/6561 −451072
6 48131907584/59049 −1797054464
8 927527326449664/1594323 −14091316625408
10 88105275574250897408/129140163 −182946098915049472
12 4154355447535367933132800/3486784401 −3550921616881709219840
m(x) := !2
3
√√√√− r
2p
+
√(
r
2p
)2
+
(
q
3p
)3
+ !1
3
√√√√− r
2p
−
√(
r
2p
)2
+
(
q
3p
)3
:
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m rm(1) m(1)− 1=e
2 9472/81 1:15090× 10−5
4 1088012288/6561 2:76995× 10−12
6 39034861649920/59049 4:71409× 10−20
8 8264773885396779008/1594323 1:29004× 10−28
10 8691400892652931099131904/129140163 8:72993× 10−38
12 4554824820244908093671695450112/3486784401 1:90517× 10−47
References
[1] P.B. Borwein, Quadratic Hermite–Pad(e approximation to the exponential function, Constr. Approx. 2 (1986)
291–302.
[2] D. Braess, On the conjecture of Meinardus on rational approximation of ex, II, J. Approx. Theory 40 (1984)
375–379.
[3] Ch. Hermite, Sur la g(en(eralisation des fractions continues alg(ebriques, Ann. Mat. Pura Appl. Ser. 2A 21 (1883)
289–308.
[4] G. P(olya, G. SzegOo, Problems and Thoerems in Analysis, I, Springer, Berlin, 1972.
[5] L.N. Trefethen, The asymptotic accuracy of rational best approximation to ez on a disk, J. Approx. Theory 40 (1984)
380–383.
